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Exercise 8

Consider the equation uy — c2Au + m?u = 0, where m > 0, known as the Klein—Gordon equation.
(a) What is the energy? Show that it is a constant.

(b) Prove the causality principle for it.

Solution
Part (a)
Expand the Laplacian operator in Cartesian coordinates for the time being.
Uy — cQ(um + Uyy + uzz) + m2u =0
Multiply both sides by w;.
ugtty — € (Uglipy + Upllyy + Usllzz) + m2uuy = 0

Rewrite each term in this equation.

10 o[ 0 0 m? 0 B
s uj) —c [ax(uzeuz) tatta + 5 (utey) — uyety + 5~ (ueuz) — uztuz] + g (U )=0
10, 4 o[0 10 0 10 0 10 m? 0 B
o (8) = ) = S 23+ () = 5 g 02) + 7 (ws) = 5 2) |+ T 2 0 =0
10 9 9 9 5 0 0 3} B
351 [uf +m*u® + A (ul +ul +ul)] —c ax(“t“$) - 99 (upuy) + P (uguy)| =0

Reintroduce vector operators into the equation.
19 2 2 2
2(‘)t(ut +m2u? + 2| Vul?) — &V - (uVu) = 0
9 |1 2 2 2
5 (ut+mu + | Vul?)| = c*V - (uiVu)

Integrate both sides of the equation over all of space.

///6%[ “t+WU+02\Vu!]dV / // - (wVu) dV

Apply the divergence theorem on the right side to turn the volume integral into a surface integral
over the boundary of space.

/ / / 8t[ “t+m“+c2|VU|2)]dV= # (uVu) - ndS

bdy space

Assuming that wu;, ug, uy, and u, tend to zero far from the origin (as |x| — 00), the surface

///815[ (uf +m*u +c2|vu|2)]dvzo

integral vanishes.
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The volume integral wipes out the spatial variables, leaving only ¢. The partial derivative with
respect to ¢ in the integrand becomes a total derivative in front of the integral as a result.

///[ut+mu+c2]Vu|2)]dV:0

Integrate both sides with respect to t.

///[Ut-l-mu—l—cQ\Vu]Q)]dV—Cl

Therefore, the total energy of a solution to the Klein—Gordon equation is

Srotal (1) / / / [ ut +m2u —1—02|Vu|2)} dV,

and it is constant in time.

Part (b)

The principle of causality for the Klein—Gordon equation in three dimensions states that the
solution u at a particular point in space-time (z, yo, 20, to) is completely determined by the initial
conditions, u(z,y, z,0) = ¢(x,y, z) and w(z,y,2,0) = P(z,y, z), in the solid ball
(x —20)%+ (y — y0)? + (2 — 20)? < c*t3. Consider first the Klein-Gordon equation in one
dimension.

Ut — gy +mPu =0

Comparing this to the general form of a linear second-order PDE;,
Augy + Bugy + Cugy + Dug + Euy + Fu = G, we see that A=1, B=0,C = -2, D=0,E=0,
F =m?, and G = 0. The equations for the characteristic curves of the wave equation are given by

d—x—iBi\/BQ 4AC)

dt
(£V4e?)
= +c.

l\DM—tl\:)

Solving these ODEs results in two families of characteristic curves, each with its own
characteristic coordinate.

dx x=ct+

— =dc — ¢

dt r=—ct+n

The characteristic curves in the zt-plane are lines. The equations for the ones passing through a
particular point (zg,t) are
x —x9 = £c(t — to).
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X

Figure 1: Each point in the xt-plane has a characteristic triangle associated with it.

Now introduce a second and third spatial dimension, y and z. Rotating the characteristic lines
about the t-axis results in characteristic cones for the three-dimensional Klein—-Gordon equation.

|x — xo| = £t —to)
V(@ —20)2+ (y — y0)% + (2 — 20)% = %c(t — o)
(x—x0)> + (y — yo)? + (2 — 20)? = A(t — tp)* (1)

A (x0., ¥o: 20, 1p)

= >

Figure 2: Each point in four-dimensional space-time has a characteristic cone associated with it.
The shaded hyperdisk lies in the xyz-plane and represents a solid ball in xyz-space, that is, when
t=0: (z—20)%+ (y — v0)? + (2 — 20)® < 3. The 2-, y-, and z-axes are perpendicular to each
other in addition to the t-axis.

The three-dimensional Klein—Gordon equation is
gt — (Uge + Uyy + Uszz) + m2u = 0.
Multiply both sides by u;.

2 2
Uty — € (UpUpe + Uplyy + Uglz) + M vy = 0
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Rewrite each term in the equation as follows.

19 ) m2 9, 4
5 at( t) —C [(%(utuz) UgtUy + 7— ay (wuy) — ugruy + a(utuz) - Uztuz] + 7&(71 )=0
10 22 10y, 0 10 4 10 m? 0 2y _
3y (D) | lua) = 3 2 2) 4 5 () = 520+ £ ) = 5 )| + 7 ) =0
0 0 0 10
—c? [ax(utux) + @(utuy) + &Z(utuz)] 25 [ut + m2u? + 2 (u? —i—uz +uz)] =0
0 0 0 [1
%(*Czutux) + @(*Czutuy) + @(*Czutuz) ot [ (uf +m*u +c2]Vu|2)} =0

Integrate both sides over the four-dimensional volume of the frustum W illustrated in Figure 3.

////{ —Cugug) + gy(—CQUtuy) + gz(—CQUtuz) 8875 [1(% +mu +c2|Vu]2)]}dV - ////Odv
W

(x0, Y0, 20, o)

AN
/

i:fr

AN

R

Figure 3: This is an illustration of the frustum W = {(x,y, 2,t) | (x —20)? + (y — y0)? + ( — 20)% <
c2(to —t)?, 0 < t < 1}. Its boundary consists of the bottom R = {(z,y,2) | (x —20)> + (y — y0)? +
(2 — 20)2 < 2t2}, the top T = {(2,y,2) | (x —x0)* + (y — v0)? + (2 — 20)? < 2(to — 7)%}, and the
mantle M = {(z,y, z,t) | (v —20)? + (y — y0)® + (2 — 20)? = 2(to — )%, 0 < t < 7}. T represents
the adjustable (temporal) height of the frustum: 0 < 7 < ¢9. In addition, ng, ny, and nj; are the
outward unit vectors normal to the respective faces.

The integrand in curly braces is the divergence of a vector (treating ¢ as if it were another spatial

dimension).
1
/// V- <c2utux, —cuguy, —cFugus, 5(%% + m?u® + 02|Vu|2)> dv =0
w
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Apply the divergence theorem to turn this volume integral into a surface integral over the
frustum’s boundary bdy W.

1
# <_C2utua:7 —cPuguy, —ugus, 5(%2 +m*u® + 02|VU‘2)> -ndS =0
bdy W

n is the outward unit vector normal to the frustum. Split up the closed surface integral into a
surface integral over each face of the frustum.

1
/// <02utux, — gy, —cFugu, §(u§ + m?u? + CQ\Vu|2)> -npdS

R
1
+ /// <—czutuz, —cQutuy, —ugus, §(uf +m?u? + 02Vu\2)> -n7dS
T
1
+ /// <—02utux, — gy, —cFugu, i(u? + m?u?® + c2]Vu|2)> ‘nydS=0 (2
M

Inspecting the frustum in Figure 3, the outward normal unit vectors are

ng = (0,0,0,—1)

nr = <07 07 07 1>
Vel

where ¢ = ¢(z,y, 2,t) is a level curve of the characteristic cone in equation (1).

oz, y,2,t) = (x — 20)> + (y —y0)? + (2 — 20)? — A(t —t9)> =0
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As a result,
. (202 — ), 2(y — y0), 2( — 20), ~2¢3(t — to))
V2@ —20)2 + [2(y — y0)]? + [2(2 — 20)]? + [-2¢2(t — t0)]?
(x — w0,y — Yo, 2 — 20,2 (to — 1))
V(& —20)2 + (y — 40)? + (2 — 20)2 + c(t — to)?

B T — I Y—Yo
B <\/($ —20)2+ (Y —90)2 + (2 — 20)2 + At — t0)2 /(x — 20)2 + (y — y0)2 + (2 — 20)2 + cX(t — t0)?
z— 2 A(tg —t) >
V(@ —20)2 4+ (y — y0)? + (z — 20)2 + At — t0)? /(@ — 20) + (y — y0)? + (2 — 20)% + cH(t — )2 |

Use equation (1) to eliminate c?(t — to)? in the first three components and to eliminate (z — z0)% + (y — y0)? + (2 — 20)? in the fourth
component.

o r — o
a <\/(33 —20)2+ (Y —y0)2 + (2 — 20)2 + [(x —x0)2 + (y — y0)2 + (2 — 20)?]
Y—1Y
V@ —20)2+ (y — y0)? + (z — 20)? + A[(x — 20)2 + (y — 90)> + (2 — 20)?]

z— 29 A(tg —t) >

Ve —20)2+ (y —90)2 + (2 — 20)2 + 2[(x — 20)2 + (y — v0)2 + (2 — 20)2] /2t — t0)2 + A(t — t0)?

Tr — Xg Y —Yo
B < VI +A) (@ —20)2+ (¥ —y0)? + (2 — 20)2] V(1 +A)[(@ —20)2 + (y — y0) + (2 — 20)%]
z— 29 A(tg —t) >
VI + A (@ —20)2 + (y — y0)2 + (2 — 2007 /A1 + A)(t — t0)?
_ 1 < T — T Y — Yo z— 2 c(to—t)>
VI+E\ V@ =202+ W —v0)2+ (z— 2002 V@ —20)2+ (y—v0)2+ (z — 202 /(@ —20)2 + (y — y0)2 + (z — 20)2 " |t — 1ol
Within the frustum ¢ < ¢o, so |t — to| = —(t — to) = to — t.

¢ < T — o Y — Yo z— 2o 1>
VI+e2 \e/(x—20)2+ (y—10)2+ (2 — 202 e/ (x —20)2 + (y — 90)2 + (z — 20)% e/ (x — 20)2+ (y — y0)2 + (2 — 20)2
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With these unit vectors equation (2) becomes

1
/// <—c2utux, — gy, —cFugu, §(u§ + m?u? + CZIVU|2)> -(0,0,0,—1)dS

R
1
+ /// <—02utum, —cQutuy, —Pugu, i(u? + m2u? + CQWU|2)> -(0,0,0,1) dS

T
1
+ /// <—02Utucca —C2Utuy7 _CZUtuz’ 5(“? +mPu? + c2|Vu\2)>
M

Y—1Yo

c T — X
V14 ¢? <c\/(x—w0)2—|—(y—yo)2+(z—zo)Q’c\/(x—xo)Q+(y—yo)2+(z—20)2’

Z— 20

ds =0

/@20 + (4wl (= - Zo>2’1>

1
JJ] 50+ m + upy-1)as
R
+ /// %(u? +m2u? + 2| Vul?) dS
T
r — X0

_c — gty —ugu
+m//4/[( )C\/(x—wo)“r(y—yo)2+(2—zo)2+( v)

zZ — 20

Y—1Yo

e/ (x —0)? + (y — y0)? + (2 — 20)?

—i—(—cQUtuz

(u? + m?u® + 2| Vul|?)| dS =0

N

+

1 1
— /// §(u§ + m?u® + 2| Vul?) dS + /// §(uf +m*u? + | Vul?) dS
T

R

Tr — X

)C\/(UC —20)% 4+ (y — y0)? + (2 — 20)*

Y—%Y

e /4/ {(_C"t) [u VPt P+ Gl @ a0t G- wP - woP

Z— 20
V(e —20)2+ (y —y0)? + (z — 20)?

+u,

1
+ i(u? +m2u? + 02|Vu\2)} dsS =0. (3)
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The integral over the mantle M will now be shown to be positive (or zero).

(u? + m?u® + 2| Vul?)| dS

N | —

c ) (U U 10 - (x — w0,y — Y0, 2 — 20)
\/1+02//M/[( o) (ot ) \/($—$0)2+(y—y0)2+(2—20)2+

If we let 2 = (x — xo,y — Yo, 2 — 20), then the dot product can be interpreted as a directional
derivative in the direction of 2: Vu - 2 = du/02.

[ .1
= \/% /// (—cus)Vu - 2 + §(u? + m?u? + CQVu|2)} as
oL
[ 1
= \/% /// —cupu, + i(u? +m?u® + 62|Vu2)] as
oL

Lo

c (1 1
M

Complete the square.

c (1 1 1 1
= N /// 5(u? — 2cugu, + cFul) + §m2u2 + 502|Vu]2 — 202u§] s
M
c (1 1 1
= m/// _2(ut—cuz)2+2m2u2+262(\Vu|2—uZ)] ds
M
== ///—1( - )2+1 “+12(v —u,) - (Vu —u,2)| dS
= e 5 Ut — Cu, smu” + e (Vu—u, U — U,
M

c (1 1 1 .
= N /// 5(ut —cu,)? + §m2u2 + §CQ|VU - uzzﬂ ds
c L
M

The integrand is a sum of squared terms, so the integral over M is positive (it could be equal to
zero if u is zero, for example, if ¢ =1 = 0). Bringing the integral over R to the right side,
equation (3) becomes

1 1 1 1 "
// i(uf + m?*u® + 2| Vul?) dS + \/13—702 /// [Z(Ut — cu,)? + §m2u2 + 502|Vu —u, 2| dS
M

T
1
= /// §(u§ + m2u? + 2| Vul?) dS
R
from which we conclude that

/// %(u? + m2u? 4 2| Vul?) dS < /// %(uf + m2u® 4 2| Vul?) dS.
T R

The R face of the frustum lies in the ¢ = 0 plane, so u and u; can be replaced by ¢ and 1,
respectively.
1 1
/// §(u? +m2u? + 2| Vul?) dS < /// §(w2 +m2¢* 4+ 2|V¢|?) dS
T R
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Substitute the formulas for T" and R and note that dS' is dx dy dz on the top and bottom faces of
the frustum.

1 1
/// §(uf+m2u2+02|Vu]2) dedydz < /// §(¢2+m2¢2+02|v¢\2) dz dydz

(z—20)?+(y—v0)? (z—20)2+(y—v0)?
+(2—20)2<c? (to—1)? +(zfz0)2§cztg

These triple integrals can be written explicitly by using spherical coordinates (2, ¢, ), where 6
represents the angle from the polar axis.

T — xog = 2sinf cos ¢
Yy — Yo = 2sinfsin ¢

z— 2y =2cosf

Therefore, the principle of causality for the Klein-Gordon equation in three dimensions is

w27 pe(to—T) w27 pcto
[ [ [ sudeme s emupysnoardoar< [* [ [T 0 4 mde + Vo sing ds o ds,
0 Jo 0 0 JO 0

where 0 < 7 < tg. The energy within a solid ball of radius c(tg —¢) is

w27 pc(to—t) 1
&(t) :/ / / §(u?+m2u2 + A |Vul*)2? sin 0 de dg db,
o Jo Jo
so the causality principle can be expressed compactly as
&(r) < &(0).
This implies that the energy at a particular point (g, yo, 20, to) cannot be larger than what is
initially within the hyperdisk (z — z0)? + (y — y0)? + (2 — 20)% < ¢t3. It follows that c is the

maximum possible speed a solution of the Klein—-Gordon equation can travel because otherwise
points in the zyz-plane outside the hyperdisk would also contribute to the energy at (xo, yo, 20, to).
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