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Exercise 8

Consider the equation utt − c2∆u+m2u = 0, where m > 0, known as the Klein–Gordon equation.

(a) What is the energy? Show that it is a constant.

(b) Prove the causality principle for it.

Solution

Part (a)

Expand the Laplacian operator in Cartesian coordinates for the time being.

utt − c2(uxx + uyy + uzz) +m2u = 0

Multiply both sides by ut.

ututt − c2(utuxx + utuyy + utuzz) +m2uut = 0

Rewrite each term in this equation.

1

2

∂

∂t
(u2t )− c2

[
∂

∂x
(utux)− uxtux +

∂

∂y
(utuy)− uytuy +

∂

∂z
(utuz)− uztuz

]
+
m2

2

∂

∂t
(u2) = 0

1

2

∂

∂t
(u2t )− c2

[
∂

∂x
(utux)− 1

2

∂

∂t
(u2x) +

∂

∂y
(utuy)−

1

2

∂

∂t
(u2y) +

∂

∂z
(utuz)−

1

2

∂

∂t
(u2z)

]
+
m2

2

∂

∂t
(u2) = 0

1

2

∂

∂t

[
u2t +m2u2 + c2(u2x + u2y + u2z)

]
− c2

[
∂

∂x
(utux) +

∂

∂y
(utuy) +

∂

∂z
(utuz)

]
= 0

Reintroduce vector operators into the equation.

1

2

∂

∂t
(u2t +m2u2 + c2|∇u|2)− c2∇ · (ut∇u) = 0

∂

∂t

[
1

2
(u2t +m2u2 + c2|∇u|2)

]
= c2∇ · (ut∇u)

Integrate both sides of the equation over all of space.

ˆ ∞
−∞

ˆ ∞
−∞

ˆ ∞
−∞

∂

∂t

[
1

2
(u2t +m2u2 + c2|∇u|2)

]
dV =

ˆ ∞
−∞

ˆ ∞
−∞

ˆ ∞
−∞

c2∇ · (ut∇u) dV

Apply the divergence theorem on the right side to turn the volume integral into a surface integral
over the boundary of space.

ˆ ∞
−∞

ˆ ∞
−∞

ˆ ∞
−∞

∂

∂t

[
1

2
(u2t +m2u2 + c2|∇u|2)

]
dV =

‹

bdy space

c2(ut∇u) · n dS

Assuming that ut, ux, uy, and uz tend to zero far from the origin (as |x| → ∞), the surface
integral vanishes. ˆ ∞

−∞

ˆ ∞
−∞

ˆ ∞
−∞

∂

∂t

[
1

2
(u2t +m2u2 + c2|∇u|2)

]
dV = 0
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The volume integral wipes out the spatial variables, leaving only t. The partial derivative with
respect to t in the integrand becomes a total derivative in front of the integral as a result.

d

dt

ˆ ∞
−∞

ˆ ∞
−∞

ˆ ∞
−∞

[
1

2
(u2t +m2u2 + c2|∇u|2)

]
dV = 0

Integrate both sides with respect to t.

ˆ ∞
−∞

ˆ ∞
−∞

ˆ ∞
−∞

[
1

2
(u2t +m2u2 + c2|∇u|2)

]
dV = C1

Therefore, the total energy of a solution to the Klein–Gordon equation is

Etotal(t) =

ˆ ∞
−∞

ˆ ∞
−∞

ˆ ∞
−∞

[
1

2
(u2t +m2u2 + c2|∇u|2)

]
dV,

and it is constant in time.

Part (b)

The principle of causality for the Klein–Gordon equation in three dimensions states that the
solution u at a particular point in space-time (x0, y0, z0, t0) is completely determined by the initial
conditions, u(x, y, z, 0) = φ(x, y, z) and ut(x, y, z, 0) = ψ(x, y, z), in the solid ball
(x− x0)2 + (y − y0)2 + (z − z0)2 ≤ c2t20. Consider first the Klein–Gordon equation in one
dimension.

utt − c2uxx +m2u = 0

Comparing this to the general form of a linear second-order PDE,
Autt +Butx + Cuxx +Dux + Euy + Fu = G, we see that A = 1, B = 0, C = −c2, D = 0, E = 0,
F = m2, and G = 0. The equations for the characteristic curves of the wave equation are given by

dx

dt
=

1

2A
(B ±

√
B2 − 4AC)

=
1

2
(±
√

4c2)

= ±c.

Solving these ODEs results in two families of characteristic curves, each with its own
characteristic coordinate.

dx

dt
= ±c →

{
x = ct+ ξ

x = −ct+ η

The characteristic curves in the xt-plane are lines. The equations for the ones passing through a
particular point (x0, t0) are

x− x0 = ±c(t− t0).
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Figure 1: Each point in the xt-plane has a characteristic triangle associated with it.

Now introduce a second and third spatial dimension, y and z. Rotating the characteristic lines
about the t-axis results in characteristic cones for the three-dimensional Klein–Gordon equation.

|x− x0| = ±c(t− t0)√
(x− x0)2 + (y − y0)2 + (z − z0)2 = ±c(t− t0)
(x− x0)2 + (y − y0)2 + (z − z0)2 = c2(t− t0)2 (1)

Figure 2: Each point in four-dimensional space-time has a characteristic cone associated with it.
The shaded hyperdisk lies in the xyz-plane and represents a solid ball in xyz-space, that is, when
t = 0: (x − x0)2 + (y − y0)2 + (z − z0)2 ≤ c2t20. The x-, y-, and z-axes are perpendicular to each
other in addition to the t-axis.

The three-dimensional Klein–Gordon equation is

utt − c2(uxx + uyy + uzz) +m2u = 0.

Multiply both sides by ut.

ututt − c2(utuxx + utuyy + utuzz) +m2uut = 0
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Rewrite each term in the equation as follows.

1

2

∂

∂t
(u2t )− c2

[
∂

∂x
(utux)− uxtux +

∂

∂y
(utuy)− uytuy +

∂

∂z
(utuz)− uztuz

]
+
m2

2

∂

∂t
(u2) = 0

1

2

∂

∂t
(u2t )− c2

[
∂

∂x
(utux)− 1

2

∂

∂t
(u2x) +

∂

∂y
(utuy)−

1

2

∂

∂t
(u2y) +

∂

∂z
(utuz)−

1

2

∂

∂t
(u2z)

]
+
m2

2

∂

∂t
(u2) = 0

−c2
[
∂

∂x
(utux) +

∂

∂y
(utuy) +

∂

∂z
(utuz)

]
+

1

2

∂

∂t

[
u2t +m2u2 + c2(u2x + u2y + u2z)

]
= 0

∂

∂x
(−c2utux) +

∂

∂y
(−c2utuy) +

∂

∂z
(−c2utuz) +

∂

∂t

[
1

2
(u2t +m2u2 + c2|∇u|2)

]
= 0

Integrate both sides over the four-dimensional volume of the frustum W illustrated in Figure 3.

˘

W

{
∂

∂x
(−c2utux) +

∂

∂y
(−c2utuy) +

∂

∂z
(−c2utuz) +

∂

∂t

[
1

2
(u2t +m2u2 + c2|∇u|2)

]}
dV =

˘

W

0 dV

Figure 3: This is an illustration of the frustum W = {(x, y, z, t) | (x−x0)2 + (y− y0)2 + (z− z0)2 ≤
c2(t0 − t)2, 0 ≤ t ≤ τ}. Its boundary consists of the bottom R = {(x, y, z) | (x− x0)2 + (y− y0)2 +
(z − z0)2 ≤ c2t20}, the top T = {(x, y, z) | (x− x0)2 + (y − y0)2 + (z − z0)2 ≤ c2(t0 − τ)2}, and the
mantle M = {(x, y, z, t) | (x − x0)2 + (y − y0)2 + (z − z0)2 = c2(t0 − t)2, 0 ≤ t ≤ τ}. τ represents
the adjustable (temporal) height of the frustum: 0 < τ < t0. In addition, nR, nT , and nM are the
outward unit vectors normal to the respective faces.

The integrand in curly braces is the divergence of a vector (treating t as if it were another spatial
dimension).

˘

W

∇ ·
〈
−c2utux,−c2utuy,−c2utuz,

1

2
(u2t +m2u2 + c2|∇u|2)

〉
dV = 0

www.stemjock.com



Strauss PDEs 2e: Section 9.1 - Exercise 8 Page 5 of 9

Apply the divergence theorem to turn this volume integral into a surface integral over the
frustum’s boundary bdy W .

‹̂

bdyW

〈
−c2utux,−c2utuy,−c2utuz,

1

2
(u2t +m2u2 + c2|∇u|2)

〉
· n dS = 0

n is the outward unit vector normal to the frustum. Split up the closed surface integral into a
surface integral over each face of the frustum.

˚

R

〈
−c2utux,−c2utuy,−c2utuz,

1

2
(u2t +m2u2 + c2|∇u|2)

〉
· nR dS

+

˚

T

〈
−c2utux,−c2utuy,−c2utuz,

1

2
(u2t +m2u2 + c2|∇u|2)

〉
· nT dS

+

˚

M

〈
−c2utux,−c2utuy,−c2utuz,

1

2
(u2t +m2u2 + c2|∇u|2)

〉
· nM dS = 0 (2)

Inspecting the frustum in Figure 3, the outward normal unit vectors are

nR = 〈0, 0, 0,−1〉
nT = 〈0, 0, 0, 1〉

nM =
∇φ
|∇φ|

,

where φ = φ(x, y, z, t) is a level curve of the characteristic cone in equation (1).

φ(x, y, z, t) = (x− x0)2 + (y − y0)2 + (z − z0)2 − c2(t− t0)2 = 0

www.stemjock.com



S
tra

u
ss

P
D
E
s
2
e
:
S
e
c
tio

n
9
.1

-
E
x
e
rc
ise

8
P

age
6

of
9

As a result,

nM =
〈2(x− x0), 2(y − y0), 2(z − z0),−2c2(t− t0)〉√

[2(x− x0)]2 + [2(y − y0)]2 + [2(z − z0)]2 + [−2c2(t− t0)]2

=
〈x− x0, y − y0, z − z0, c2(t0 − t)〉√

(x− x0)2 + (y − y0)2 + (z − z0)2 + c4(t− t0)2

=

〈
x− x0√

(x− x0)2 + (y − y0)2 + (z − z0)2 + c4(t− t0)2
,

y − y0√
(x− x0)2 + (y − y0)2 + (z − z0)2 + c4(t− t0)2

,

z − z0√
(x− x0)2 + (y − y0)2 + (z − z0)2 + c4(t− t0)2

,
c2(t0 − t)√

(x− x0)2 + (y − y0)2 + (z − z0)2 + c4(t− t0)2

〉
.

Use equation (1) to eliminate c2(t− t0)2 in the first three components and to eliminate (x− x0)2 + (y − y0)2 + (z − z0)2 in the fourth
component.

=

〈
x− x0√

(x− x0)2 + (y − y0)2 + (z − z0)2 + c2[(x− x0)2 + (y − y0)2 + (z − z0)2]
,

y − y0√
(x− x0)2 + (y − y0)2 + (z − z0)2 + c2[(x− x0)2 + (y − y0)2 + (z − z0)2]

,

z − z0√
(x− x0)2 + (y − y0)2 + (z − z0)2 + c2[(x− x0)2 + (y − y0)2 + (z − z0)2]

,
c2(t0 − t)√

c2(t− t0)2 + c4(t− t0)2

〉

=

〈
x− x0√

(1 + c2)[(x− x0)2 + (y − y0)2 + (z − z0)2]
,

y − y0√
(1 + c2)[(x− x0)2 + (y − y0)2 + (z − z0)2]

,

z − z0√
(1 + c2)[(x− x0)2 + (y − y0)2 + (z − z0)2]

,
c2(t0 − t)√

c2(1 + c2)(t− t0)2

〉

=
1√

1 + c2

〈
x− x0√

(x− x0)2 + (y − y0)2 + (z − z0)2
,

y − y0√
(x− x0)2 + (y − y0)2 + (z − z0)2

,
z − z0√

(x− x0)2 + (y − y0)2 + (z − z0)2
,
c(t0 − t)
|t− t0|

〉
Within the frustum t < t0, so |t− t0| = −(t− t0) = t0 − t.

=
c√

1 + c2

〈
x− x0

c
√

(x− x0)2 + (y − y0)2 + (z − z0)2
,

y − y0
c
√

(x− x0)2 + (y − y0)2 + (z − z0)2
,

z − z0
c
√

(x− x0)2 + (y − y0)2 + (z − z0)2
, 1

〉
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With these unit vectors equation (2) becomes˚

R

〈
−c2utux,−c2utuy,−c2utuz,

1

2
(u2t +m2u2 + c2|∇u|2)

〉
· 〈0, 0, 0,−1〉 dS

+

˚

T

〈
−c2utux,−c2utuy,−c2utuz,

1

2
(u2t +m2u2 + c2|∇u|2)

〉
· 〈0, 0, 0, 1〉 dS

+

˚

M

〈
−c2utux,−c2utuy,−c2utuz,

1

2
(u2t +m2u2 + c2|∇u|2)

〉

· c√
1 + c2

〈
x− x0

c
√

(x− x0)2 + (y − y0)2 + (z − z0)2
,

y − y0
c
√

(x− x0)2 + (y − y0)2 + (z − z0)2
,

z − z0
c
√

(x− x0)2 + (y − y0)2 + (z − z0)2
, 1

〉
dS = 0

˚

R

1

2
(u2t +m2u2 + c2|∇u|2)(−1) dS

+

˚

T

1

2
(u2t +m2u2 + c2|∇u|2) dS

+
c√

1 + c2

˚

M

[
(−c2utux)

x− x0
c
√

(x− x0)2 + (y − y0)2 + (z − z0)2
+ (−c2utuy)

y − y0
c
√

(x− x0)2 + (y − y0)2 + (z − z0)2

+(−c2utuz)
z − z0

c
√

(x− x0)2 + (y − y0)2 + (z − z0)2
+

1

2
(u2t +m2u2 + c2|∇u|2)

]
dS = 0

−
˚

R

1

2
(u2t +m2u2 + c2|∇u|2) dS +

˚

T

1

2
(u2t +m2u2 + c2|∇u|2) dS

+
c√

1 + c2

˚

M

{
(−cut)

[
ux

x− x0√
(x− x0)2 + (y − y0)2 + (z − z0)2

+ uy
y − y0√

(x− x0)2 + (y − y0)2 + (z − z0)2

+uz
z − z0√

(x− x0)2 + (y − y0)2 + (z − z0)2

]
+

1

2
(u2t +m2u2 + c2|∇u|2)

}
dS = 0. (3)
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The integral over the mantle M will now be shown to be positive (or zero).

c√
1 + c2

˚

M

[
(−cut) 〈ux, uy, uz〉 ·

〈x− x0, y − y0, z − z0〉√
(x− x0)2 + (y − y0)2 + (z − z0)2

+
1

2
(u2t +m2u2 + c2|∇u|2)

]
dS

If we let rrr = 〈x− x0, y − y0, z − z0〉, then the dot product can be interpreted as a directional
derivative in the direction of r̂rr : ∇u · r̂rr = ∂u/∂r .

=
c√

1 + c2

˚

M

[
(−cut)∇u · r̂rr +

1

2
(u2t +m2u2 + c2|∇u|2)

]
dS

=
c√

1 + c2

˚

M

[
−cutur +

1

2
(u2t +m2u2 + c2|∇u|2)

]
dS

=
c√

1 + c2

˚

M

[
1

2
(u2t − 2cutur ) +

1

2
m2u2 +

1

2
c2|∇u|2

]
dS

Complete the square.

=
c√

1 + c2

˚

M

[
1

2
(u2t − 2cutur + c2u2

r
) +

1

2
m2u2 +

1

2
c2|∇u|2 − 1

2
c2u2

r

]
dS

=
c√

1 + c2

˚

M

[
1

2
(ut − cur )2 +

1

2
m2u2 +

1

2
c2(|∇u|2 − u2

r
)

]
dS

=
c√

1 + c2

˚

M

[
1

2
(ut − cur )2 +

1

2
m2u2 +

1

2
c2(∇u− ur r̂rr ) · (∇u− ur r̂rr )

]
dS

=
c√

1 + c2

˚

M

[
1

2
(ut − cur )2 +

1

2
m2u2 +

1

2
c2|∇u− ur r̂rr |2

]
dS

The integrand is a sum of squared terms, so the integral over M is positive (it could be equal to
zero if u is zero, for example, if φ = ψ = 0). Bringing the integral over R to the right side,
equation (3) becomes

˚

T

1

2
(u2t +m2u2 + c2|∇u|2) dS +

c√
1 + c2

˚

M

[
1

2
(ut − cur )2 +

1

2
m2u2 +

1

2
c2|∇u− ur r̂rr |2

]
dS

=

˚

R

1

2
(u2t +m2u2 + c2|∇u|2) dS

from which we conclude that˚

T

1

2
(u2t +m2u2 + c2|∇u|2) dS ≤

˚

R

1

2
(u2t +m2u2 + c2|∇u|2) dS.

The R face of the frustum lies in the t = 0 plane, so u and ut can be replaced by φ and ψ,
respectively. ˚

T

1

2
(u2t +m2u2 + c2|∇u|2) dS ≤

˚

R

1

2
(ψ2 +m2φ2 + c2|∇φ|2) dS
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Substitute the formulas for T and R and note that dS is dx dy dz on the top and bottom faces of
the frustum.˚

(x−x0)2+(y−y0)2
+(z−z0)2≤c2(t0−τ)2

1

2
(u2t +m2u2 + c2|∇u|2) dx dy dz ≤

˚

(x−x0)2+(y−y0)2
+(z−z0)2≤c2t20

1

2
(ψ2 +m2φ2 + c2|∇φ|2) dx dy dz

These triple integrals can be written explicitly by using spherical coordinates (r , φ, θ), where θ
represents the angle from the polar axis.

x− x0 = r sin θ cosφ

y − y0 = r sin θ sinφ

z − z0 = r cos θ

Therefore, the principle of causality for the Klein–Gordon equation in three dimensions is

ˆ π

0

ˆ 2π

0

ˆ c(t0−τ)

0

1

2
(u2t +m2u2 + c2|∇u|2)r 2 sin θ dr dφ dθ ≤

ˆ π

0

ˆ 2π

0

ˆ ct0

0

1

2
(ψ2 +m2φ2 + c2|∇φ|2)r 2 sin θ dr dφ dθ,

where 0 < τ < t0. The energy within a solid ball of radius c(t0 − t) is

E (t) =

ˆ π

0

ˆ 2π

0

ˆ c(t0−t)

0

1

2
(u2t +m2u2 + c2|∇u|2)r 2 sin θ dr dφ dθ,

so the causality principle can be expressed compactly as

E (τ) ≤ E (0).

This implies that the energy at a particular point (x0, y0, z0, t0) cannot be larger than what is
initially within the hyperdisk (x− x0)2 + (y − y0)2 + (z − z0)2 ≤ c2t20. It follows that c is the
maximum possible speed a solution of the Klein–Gordon equation can travel because otherwise
points in the xyz-plane outside the hyperdisk would also contribute to the energy at (x0, y0, z0, t0).
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